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Abstract
The hierarchical quark masses and small mixing angles are shown to lead
to a simple triangular form for the U - and D-type quark mass matrices.
In the basis where one of the matrices is diagonal, each matrix element of
the other is, to a good approximation, the product of a quark mass and a
CKM matrix element. The physical content of a general mass matrix can be
easily deciphered in its triangular form. This parameterization could serve
as a useful starting point for model building. Examples of mass textures are
analyzed using this method.
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One of the most puzzling problems confronting the Standard Model (SM) concerns the
family structure of quarks and leptons. To date there is very little understanding of the phe-
nomena of hierarchical fermion masses and their mixing angles. A common approach to the
problem is to postulate phenomenological mass matrices with certain simple textures. Usu-
ally these matrices are assumed to be hermitian [1,2] for simplicity, although non-hermitian
mass matrices have also been studied [3,4]. In practice, non-hermitian mass matrices arise
naturally in many models [5].
In this Letter, we suggest a new parameterization of fermion mass matrices which is non-
hermitian and, more specifically, triangular in form. It should be emphasized that any mass
matrix can be easily brought into a triangular form by a right-handed rotation, whereas it
is non-trivial to make it hermitian. Also, the condition of minimal parameterization [4,6,7]
can be satisfied for this type of texture. In fact, we believe that in the minimal parameter
basis the triangular form is the simplest to study with all unphysical features eliminated
from the start. If one considers the case when, say, the U -quark mass matrix is diagonal,
but the D-quark mass matrix is triangular (which in general contains six real numbers and
a phase), there will be only ten parameters in the two mass matrices. These account for
the six quark masses, three mixing angles and a phase in the Cabibbo-Kobayashi-Maskawa
(CKM) matrix. Furthermore, we will show that when the matrix is “upper-triangular”,
with zeros in the lower-left part, each of the matrix elements is approximately equal to the
product of a quark mass and a CKM matrix element. Note also that one can always choose
a basis where one type is diagonal and the other triangular.
Thus the triangular mass matrix offers not only the most economical, but also the most
physical parameterization. Starting from any proposed mass matrix, a transformation into
the triangular form enables one to read off the physical parameters immediately. Conversely,
all viable mass matrices can be obtained there from by a suitable rotation. Before we proceed
to study specific triangular textures, it is worth mentioning that there are four types of
triangular textures with the three zeros in the upper-left, upper-right, lower-left, and lower-
right corners of the mass matrix. All these can be transformed into each other by exchanging
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rows and columns, which amounts to a change of basis for the left-handed and right-handed
quarks, respectively. The first two types do not yield simple relations in terms of the quark
masses and mixing angles [4]. The latter two are simply related by exchanging the first and
third family right-handed quarks. We are naturally led to choose the texture with zeros in
the lower-left corner of the mass matrix, as will become evident later.
Let us now start by writing both the U - and D-type quark mass matrices in the upper-
triangular form:
Tf =


a1 a2e
iφ1 a3e
iφ3
0 b1 b2e
iφ2
0 0 c

 , (1)
where the phases are explicitly shown (a1, b1, and c are chosen to be positive using phase
rotations of the right-handed quarks). We have suppressed the index f = U,D from the
mass parameters in Eq. (1). As stated before, any mass matrix, M , can be rotated by a
series of right-handed rotations into this upper-triangular form. For example, an appropriate
rotation U = R13R23R12 with T =MU , can make the (3,1), (3,2), and (2,1) elements vanish
in succession.
We turn to the diagonalization of the matrix Hf = TfT
†
f = MfM
†
f which is given
explicitly by
Hf =


a21 + a
2
2 + a
2
3 a2b1e
iφ1 + a3b2e
i(φ3−φ2) ca3eiφ3
a2b1e
−iφ1 + a3b2ei(φ2−φ3) b21 + b
2
2 cb2e
iφ2
ca3e
−iφ3 cb2e−iφ2 c2

 . (2)
In the basis where MU is diagonal andMD is of the triangular form (1), we can solve forMD
in terms of quark masses, mixing angles and the CP -violating phase. Recall that in this basis
V †CKMHDVCKM = D
2
D, where VCKM is the CKM matrix and D
2
D ≡ diag (m2d, m2s, m2b). De-
noting xij ≡
(
VCKMD
2
DV
†
CKM
)
ij
, the following relations between the triangular mass matrix
parameters and the physical parameters can be derived:
c =
√
x33 = mbVtb
(
1 +O(λ8)
)
,
3
b2e
iφ2 = x23/c = mbVcb
(
1 +O(λ4)
)
,
a3e
iφ3 = x13/c = mbVub
(
1 +O(λ4)
)
,
b1 =
√
x22 − b22 = msVcs
(
1 +O(λ4)
)
,
a2e
iφ1 =
(
x12 − a3b2ei(φ3−φ2)
)
/b1 = msVus
(
1 +O(λ4)
)
,
a1 =
√
x11 − a22 − a23 = mdmsmb/(b1c) =
md
Vud
(
1 +O(λ4)
)
, (3)
where the last relation is derived by using the determinant of the mass matrix a1b1c =
mdmsmb, and λ = 0.22 as in the Wolfenstein parameterization [8]. To be consistent with
Eq. (1), Vud, Vcs, and Vtb are all chosen to be positive. In a nutshell, MD has the simple
expression (to O(λ4)),
MD ≃


md/Vud msVus mbVub
0 msVcs mbVcb
0 0 mbVtb

 , (MU diagonal). (4)
It is the hierarchical structure of the masses and the CKM matrix which entails this simple
form for the mass matrix. One can easily verify that V †CKMMD ≈ diag(md, ms, mb). Also,
under phase transformations of the quark fields, MD is invariant in form if we make the
replacement md/Vud → md/V ∗ud. Given any mass matrix M , after a rotation into the upper-
triangular form (1), one can read off directly the approximate mass eigenvalues and mixings.
Of course, exact solutions can also be obtained from Eq. (3). We have compared numerical
solutions with Eq. (4) and found them to agree very well.
The relations (3) can be easily inverted to give the physical quantities in terms of the
triangular matrix parameters. Up to O(λ4) corrections: mb ≃ c,ms ≃ b1
(
1 + 1
2
λ2
)
, md ≃
a1
(
1− 1
2
λ2
)
, |Vub| ≃ a3/c, |Vcb| ≃ b2/c, |Vus| ≃ a2/b1
(
1− 1
2
λ2
)
. Also, we can compute the
Jarlskog invariant [9]
J =
−i
2
det [HU , HD]∏(
m2i −m2j
) = a2a3b1b2c2
(m2b −m2s)(m2b −m2d)(m2s −m2d)
sinΦD
≃ a2a3b2
b1c2
sin ΦD, (5)
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where ΦD = φ1 + φ2 − φ3. CP violating effects depend only on the combination ΦD. In
general, one can put the phase ΦD in Eq. (1) at any of the (1,2), (2,2), (2,3), or (1,3)
positions. Up to O(λ4) correction, ΦD is equal to the γ angle of the unitarity triangle,
ΦD ≃ γ ≡ arg
[
−VudV ∗ub
VcdV
∗
cb
]
.
If we take MD to be diagonal while MU is assumed to have an upper-triangular form
as in Eq. (1), the corresponding relations between the MU parameters and the physical
parameters can be derived in the same way as before. The approximate form for MU (to
O(λ4)) is found to be
MU ≃


mu/Vud mcV
∗
cd mtV
∗
td
0 mcVcs mtV
∗
ts
0 0 mtVtb

 , (MD diagonal). (6)
Again, here Vud, Vcs, and Vtb are chosen to be positive. The Jarlskog invariant is now given
by
J = − a2a3b1b2c
2
(m2t −m2c)(m2t −m2u)(m2c −m2u)
sinΦU ≃ −a2a3b2
b1c2
sinΦU , (7)
where ΦU = φ1 + φ2 − φ3 and all variables refer to MU . The CP phase ΦU is related to the
β angle of the unitarity triangle: ΦU ≃ −β − βs ≡ −β (1 +O(λ2)), where β ≡ arg
[
−VcdV ∗cb
VtdV
∗
tb
]
and βs = arg
[
− VtsV ∗tb
VcsV
∗
cb
]
.
Note that for mass matrices with hierarchical eigenvalues and small mixings, it is always
possible to rotate them into the upper-triangular form with the largest element at the (3,3)
position. This is the main difference between triangular matrices with zeros in the lower-left
and upper-right, the latter does not have this simple hierarchical structure [4].
If one starts with the case when neither MU nor MD is diagonal, one can convert both
into hierarchical triangular forms through right-handed rotations. It may be first necessary
to extract a large, common left-handed rotation from bothMU andMD, which cancels out in
VCKM, to ensure that only the (3,3) element is large. This is illustrated in the first example
below. Furthermore, the diagonal elements are simply the mass eigenvalues if a1,2 ≪ b1.
The CKM matrix can then be obtained directly,
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VCKM = V
†
UVD, (8)
where VU and VD are obtained from MU and MD, as in Eq. (6) and Eq. (4). Both VU and
VD are given approximately by R23
(
b2e
iφ2/c
)
R13
(
a3e
iφ3/c
)
R12
(
a2e
iφ1/b1
)
.
Examples:
We now show that triangularization is a very useful tool to study the physical content of
any mass matrix. Three examples are given: the first is based on the democratic mass
texture [10], the second deals with a realization of the Fritzsch texture. The last example is
a new texture that we found based on SUH(3) horizontal symmetry.
- Democratic Mass Texture: The quark mass matrices are taken to be democratic (all the
Yukawa couplings are the same for each quark sector). For example, the U -quark mass
matrix given in [11] is
MU =
KU
3




1 1 1
1 1 1
1 1 1

+


−ǫ 0 δ
0 ǫ δ
−δ −δ 0



 , (9)
where the second term expresses small effects which violate the democratic texture (ǫ ≪
δ ≪ 1). In the limit when δ, ǫ → 0, this matrix (also MD) is diagonalized by the unitary
matrix
A =


1√
2
−1√
2
0
1√
6
1√
6
−2√
6
1√
3
1√
3
1√
3

 . (10)
We may then rotate A MU A
−1 into the following triangular form:
TU ≃ KU
3


−ǫ2
2δ2
− ǫ√
3
−
√
2
3
ǫ
0 2
3
δ2
√
2δ
0 0 3

 , (11)
The mass eigenvalues (mu ≃ −ǫ2KU6δ2 , mc ≃ 29δ2KU , mt ≃ KU) can be easily read off from
the diagonal elements and the U -quark mixing angles are simply given by θ12U ≃ −
√
3
2
ǫ
δ2
,
θ23U ≃
√
2
3
δ, and θ13U ≃ − 23√6ǫ, in agreement with the results in [11]. A similar analysis can
be done for the D-quark mass matrix.
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- Fritzsch Mass Texture: The quark mass matrices studied in [12] are given by
MD,U =


0
√
m1m2e
iδ1 0
√
m1m2e
−iδ1 m2
√
m1m3e
iδ2
0
√
m1m3e
−iδ2 m3

 , (12)
where mi(i = 1, 2, 3) are the quark masses for the U and D sectors. The corresponding
triangular form after performing right-handed rotations is given by
TD,U ≃


−m1
(
1 + m1
2m2
) √
m1m2
(
1− m1
2m2
)
eiδ1 m1
√
m2
m3
ei(δ1+δ2)
0 m2
(
1− m1
2m2
) √
m1m3
(
1 + m2
m3
)
eiδ2
0 0 m3

 . (13)
Note the appearance of m1 at the (1,1) position. The CKM matrix which follows agrees
with the results of [12].
- New SU(3) motivated Texture: Consider the following texture:
MD = mb


a a aeiφd
b b+ 2a 2b+ 2a
0 0 1

 . (14)
The U -type mass matrix is taken to be diagonal and real. To examine whether this form of
MD is viable, we first convert it into the triangular form:
TD = mb


2a2
B
2a(a+b)
B
aeiφd
0 B 2b+ 2a
0 0 1

 , (15)
where B =
√
2b2 + 4ab+ 4a2. Comparing Eq. (15) to Eq. (4), we obtain the following
relations (up to O(λ4) corrections):
a ≃
√
mdms
2m2b
,
b ≃ ms√
2mb
(
1−
√
md
ms
− md
ms
)
,
|Vcb| ≃ 2(a+ b) ≃
√
2
ms
mb
(
1− md
ms
)
,
|Vub| ≃ a ≃
√
mdms
2m2b
,
|Vus| ≃
√
md
ms
(
1− md
2ms
)
. (16)
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Moreover, we have the prediction
∣∣∣∣VusVcbVub
∣∣∣∣ ≈ 2. (17)
Numerically, using the central values of the D-quark masses atMZ [13] and γ ≃ 60◦ [14],
we obtain
aD = 4.93× 10−3, bD = 1.60× 10−2, φd = −60◦. (18)
The CKM matrix is
|VCKM| =


0.976 0.219 0.00493
0.219 0.975 0.0418
0.00792 0.0414 0.999

 , (19)
in good agreement with the experimental values. The Jarlskog parameter calculated from
MD is given by J = −4.4× 10−5 sinφd.
We close with a few concluding remarks. The known hierarchy of the quark masses and
mixing angles leads to a very elegant triangular texture for the mass matrices. When either
MU or MD is diagonal, one can directly read off the masses and the CKM mixing from the
mass matrices. The one independent phase therein corresponds to the angles γ and β in
the unitarity triangle, respectively. If both MU and MD are triangular, the CKM matrix
is a simple product of two unitary matrices. This result is very useful for model building.
Given any model mass matrix, triangularization offers an immediate criterion for its viability.
We have illustrated this with several examples, where in each case the result was obtained
quickly and simply. Clearly, one could also reverse the process by rotating the triangular
form to generate viable model mass matrices. We hope that this parameterization can help
suggest models which are both phenomenologically correct and theoretically justifiable. The
application of triangular mass matrices to the charged lepton sector is immediate, whereas
for the neutrino sector, the interpretation of the triangular mass texture may not be as
simple due to the large mixings and the possibility of nearly degenerate neutrino masses.
Work along this direction is in progress.
8
ACKNOWLEDGMENTS
T. K. and G. W. are supported by the DOE, Grant no. DE-FG02-91ER40681. S. M. is
supported by the Purdue Research Foundation.
9
REFERENCES
[1] H. Fritzsch, Nucl. Phys. B 155, 189 (1979); H. Fritzsch and Z. Z. Xing, hep-ph/9904286.
[2] P. Ramond, R. G. Roberts, and G. G. Ross, Nucl. Phys. B406, 19 (1993).
[3] G. C. Branco and J. I. Silva-Marcos, Phys. Lett. B 331, 390 (1994); G. C. Branco,
D. Emmanuel-Costa,and J. I. Silva-Marcos, Phys. Rev. D 56, 107 (1997); L. J. Hall and
A. Rasin, Phys. Lett. B 315, 164 (1993).
[4] R. Haussling and F. Scheck, Phys. Rev. D 57, 6656 (1998).
[5] See, for example: G. Buchalla, G. Burdman, C. T. Hill, and D. Kominis,
Phys. Rev. D 53, 5185 (1996); A. Das and C. Kao, Phys. Lett. B 372, 106 (1996).
[6] Y. Koide, Phys. Rev. D 46, 2121 (1992).
[7] D. Falcone, O. Pisanti, and L. Rosa, Phys. Rev. D 57, 195 (1998); D. Falcone and
F. Tramontano, ibid 59, 017302 (1999).
[8] L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).
[9] C. Jarlskog, Phys. Rev. Lett. 55, 1039 (1985); Z. Phys. C 29, 491 (1985).
[10] H. Harari, H. Haut, and J. Weyers, Phys. Lett. 78B, 459 (1978); Y. Koide,
Phys. Rev. D 39, 1391 (1989).
[11] M. Fukugita, M. Tanimoto, and T. Yanagida, Phys. Rev. D 59, 113016 (1999).
[12] J. L. Chkareuli and C. D. Froggatt, Phys. Lett. B 450, 158 (1999).
[13] H. Fusaoka and Y. Koide, Phys. Rev. D 57, 3986 (1998).
[14] F. Parodi, P. Roudeau, and A. Stocchi, hep-ex/9903063.
10
